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Abstract
We provide a systematic analysis of three-dimensional N = 2 extended Bargmann
superalgebra and its Newton-Hooke, Lifshitz and Schro¨dinger extensions. These al-
gebras admit invariant non-degenerate bi-linear forms which we utilized to construct
corresponding Chern-Simons supergravity actions.
November 15, 2019
Contents
1 Introduction 2
2 Extended Newton-Hooke Algebra and Chern-Simons Actions 4
2.1 Extended Newton-Hooke Gravity . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.2 Extended Exotic Bargmann Gravity . . . . . . . . . . . . . . . . . . . . . . . . . . 6
3 Extended Newton-Hooke and Exotic Bargmann Supergravity 7
4 Extended Lifshitz and Schro¨dinger Supergravity 10
4.1 Extended Lifshitz Supergravity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
4.2 Extended Schro¨dinger Supergravity . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
5 Discussion 16
A Comparison Between Different Notations 17
B Extended N = (2, 0) Newton-Hooke Superalgebra from Lie Algebra Expansion 18
1
1 Introduction
Newton-Cartan gravity is the geometric reformulation of the Newtonian gravity that is described
by a degenerate spatial metric hµν , a temporal vielbein τµ and a U(1) connection mµ
1. This
geometric setup of Newtonian gravity is realized based on two principles: (i) The geodesic equation
is equivalent to the classical equation of motion of a massive particle, and (ii) The only non-
vanishing component of the Riemann tensor gives rise to the Poisson equation of Newtonian
gravity [1, 2]. If the Riemann tensor satisfies the Trautman [3] and the Ehlers [4] conditions,
then we are led to the so-called Newtonian connection that is the only non-vanishing component
of the connection is given by Γa00 = δ
ab∂bφ, satisfying (i). Consequently, the only non-vanishing
component of the Riemann tensor becomes the desired Poisson’s equation for Newtonian gravity
Ra0a0(Γ) = ∇
2φ = 4πGρ , (1.1)
where G is Newton’s constant and ρ is the mass density. An alternative derivation of this ge-
ometric formulation can be achieved by gauging the underlying symmetry algebra that is the
Bargmann algebra [5]. The Bargmann algebra consists of the generators of spatial rotations Jab,
spatial translations Pa, Galilean boosts Ga, time translations H and a central charge M , corre-
sponding to particle mass. In the gauging procedure, one first associates each generator with a
gauge field
Jab → ωµ
ab, Pa → eµ
a, Ga → ωµ
a, H → τµ, M → mµ , (1.2)
and imposes constraints on the curvatures of τµ, eµ
a and mµ which connect the gauge transfor-
mations to general coordinate transformations and solve ωµ
ab and ωµ
a in terms of eµ
a, τµ and
mµ, leaving the triplet (eµ
a, τµ,mµ) as the fundamental fields of the gauge theory formulation of
Newton-Cartan gravity. Finally, one imposes two further constraints on the curvatures of ωµ
ab
and ωµ
a and recover the Poisson equation of Newtonian gravity and the geodesic equation for a
massive particle from a gauge theory viewpoint.
In three space-time dimensions, the Einstein gravity can be established as a Chern-Simons
gauge theory in which case the necessary curvature constraints arise as an equation of motion
[6]. This line of thinking encourages one to build up a similar three-dimensional framework
for the Newton-Cartan gravity. Indeed in [7] this problem was addressed and it was shown
that the three-dimensional Bargmann algebra does not admit a non-degenerate invariant bi-
linear form to construct a Chern-Simons theory of gravity but an extension of the Bargmann
algebra with a second central charge S is necessary. The resulting algebra is called the extended
Bargmann algebra and the corresponding Chern-Simons model is called the extended Bargmann
gravity (EBG) [7]. The EBG is in many ways different than Newton-Cartan gravity. First of
all, while the Newton-Cartan gravity dictates that only the purely time-like component of the
Ricci tensor is non-zero (1.1), EBG allows all components of the Ricci tensor to be non-zero in
1In this paper, the Greek indices (µ, ν, . . .) refer to the coordinate frame and labels all spacetime coordinates
with x = (t, ~x) while the Latin alphabet letters (a, b, . . .) refer to the spatial local Galilean frame.
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the presence of matter coupling [8]. Second, the extended Bargmann algebra further allows a
non-relativistic conformal extension and a corresponding action principle, called the extended
Schro¨dinger gravity [9]. This extension is noteworthy as it corresponds to a conformal non-
projectable Horava-Lifshitz gravity [9] through a map between the Newton-Cartan geometry and
Horava-Lifshitz gravity [10]. Finally, the extended Bargmann algebra admits a supersymmetric
extension and a corresponding on-shell Chern-Simons supergravity action [8]. The existence
of a supersymmetric action is particularly important as it signals the possibility of an off-shell
action for the extended Bargmann supergravity which can serve as a starting point to construct
non-relativistic field theories on curved backgrounds by means of localization [11,12].
The on-shell N = 2 extended Bargmann supergravity has the following field content [8]
{eµ
a, τµ,mµ, sµ, ψ
+
µ , ψ
−
µ , ρµ} , (1.3)
where the fermionic fields ψ±µ and ρµ are Majorana fermions that are associated with the fermionic
generators Q± and R, respectively. Here, we used the N = 2 terminology as the on-shell EBG can
be derived by a Lie algebra expansion of the three-dimensional N = 2 Poincare´ supergravity [13].
The construction of an off-shell extended Bargmann supergravity requires the addition of auxiliary
fields and the application of localization techniques requires the knowledge of off-shell matter
multiplet actions of extended Bargmann superalgebra. In the relativistic context, this is most
straightforwardly achieved by applying superconformal tensor calculus [14–17], where one first
constructs superconformal models then gauge fix the redundant conformal symmetries to obtain
a super-Poincare´ invariant theory. In the case of non-relativistic gravity, a methodology for a
conformal tensor calculus was established for the bosonic and supersymmetric conformal extension
of the Galilei algebra, known as the Schro¨dinger algebra, in [18] and [19], respectively.
In this paper, our purpose is to take a pioneering step towards an extended Schro¨dinger
tensor calculus by establishing the Schro¨dinger extension of the extended Bargmann algebra and
the corresponding extended Schro¨dinger supergravity. Due to the map between the Newton-
Cartan geometry and Horava-Lifshitz gravity, this result also corresponds to a superconformal
non-projectable Horava-Lifshitz gravity. To achieve the extended Schro¨dinger superalgebra, we
first remind the reader in Section 2 about the fundamentals of the extended Bargmann algebra
and its cosmological extension, known as the extended Newton-Hooke algebra. In Section 3, we
construct the cosmological extension of the extended Bargmann superalgebra. The cosmological
extension of the algebra allows us to construct the extended Newton-Hooke and the extended
exotic N = (2, 0) Bargmann supergravity. Here, N = (2, 0) terminology refers to the fact
that the non-relativistic algebra can be understood as the Lie algebra expansion of the three-
dimensional N = (2, 0) AdS algebra. In Section 4 we start adding dilatation and non-relativistic
special conformal generators to the extended Bargmann algebra. In doing so, we first add the
dilatations D and a central charge Y . Perhaps unexpectedly, we found that the superalgebra can
be closed by adding two R−symmetry generators and three fermionic generators Q± and R. The
presence of the central charge Y fixes the so-called dynamical critical exponent z to z = 2 and
we establish z = 2 extended Lifshitz supergravity. In the final step, we add the non-relativistic
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special conformal generator K and a second central charge Z. The supersymmetric extension of
the extended Schro¨dinger algebra requires two additional fermionic generators, which we call F±.
With the addition of the new fermionic generators, we close the superalgebra and construct the
Chern-Simons action for the extended Schro¨dinger gravity.
2 Extended Newton-Hooke Algebra and Chern-Simons Actions
In this first section, we briefly review the extended Newton-Hooke gravity and extended exotic
Bargmann gravity as well as the underlying symmetry algebra that is the extended Newton-
Hooke algebra. The Bargmann algebra consists of the generators of spatial rotations J , spatial
translations Pa, Galilean boosts Ga, time translations H and a central charge M . The extended
Bargmann algebra extends the Bargmann algebra with a second central charge S [7–9]. The
non-vanishing commutation relations for the extended Bargmann algebra are given by
[H,Ga] = −ǫabP
b , [J, Pa] = −ǫabP
b , [J,Ga] = −ǫabG
b ,
[Ga, Pb] = ǫabM , [Ga, Gb] = ǫabS , (2.1)
Here, we use the conventions of [8]. For readers convenience, we present a map between differ-
ent conventions in Appendix A. The cosmological extension of the extended Bargmann algebra
requires two extra commutators
[H,Pa] = −
1
ℓ2
ǫabG
b , [Pa, Pa] =
1
ℓ2
ǫabS . (2.2)
Note that we set Λ = 1
ℓ2
for future purposes, however the opposite sign is equally well to construct
the cosmological bosonic models. The construction of actions for this symmetry algebra is based
on the Chern-Simons action
S =
k
4π
∫
STr
(
A ∧ dA +
2
3
A ∧A ∧A
)
, (2.3)
where k is the Chern-Simons coupling constant, the gauge field A represents a Lie-algebra-valued
one form and “STr” represents the supertrace using the non-degenerate invariant bilinear form
on the Lie algebra, which turns into the standard trace for the purely bosonic models. For the
extended Bargmann algebra, the gauge field Aµ is given by
Aµ = τµH + eµ
aPa + ωJ + ωµ
aGa +mµM + sµS . (2.4)
The transformation rules for these gauge fields can be found by the standard rule
δAAµ = ∂µǫ
A + fBC
AǫCABµ , (2.5)
where ǫA is the relevant gauge parameter and fBC
A are the structure constants. The covariant
curvatures are given by
Rµν(H) = 2∂[µτν] ,
4
Rµν
a(P ) = 2∂[µeν]
a + 2ǫab ω[µeν]b − 2ǫ
ab ω[µbτν] ,
Rµν(J) = 2∂[µων] ,
Rµν
a(G) = 2∂[µων]
a + 2ǫabω[µων]b +
2
ℓ2
ǫabτ[µeν]b ,
Rµν(M) = 2∂[µmν] + 2ǫabω[µ
aeν]
b ,
Rµν(S) = 2∂[µsν] + ǫabω[µ
aων]
b +
1
ℓ2
ǫabe[µ
aeν]
b . (2.6)
Note that for ℓ→∞, these curvatures become the curvatures of the extended Bargmann algebra.
As mentioned, the construction of a Chern-Simons action requires non-degenerate invariant
bilinear forms which can simply be found by constructing a Casimir operator C. In the case of
extended Newton-Hooke algebra the following bilinears are of interest
• (Pa, Gb) = δab , (H,S) = −1 , (J,M) = −1
• (Pa, Pb) =
1
ℓ
δab , (Ga, Gb) = ℓδab , (H,M) = −
1
ℓ
, (J, S) = −ℓ ,
In the first case, the cosmological constant does not appear in the bilinears hence it can also be
used to construct the extended Bargmann gravity without a cosmological constant. On the other
hand, the second set only exists in the presence of a cosmological constant. A more detailed
discussion on the invariant bilinear forms, including the degenerate ones in context of extended
Bargmann algebra, can be found in [9].
2.1 Extended Newton-Hooke Gravity
For the construction of the extended Newton-Hooke gravity we utilize the first set of invariant
bilinear forms
(Pa, Gb) = δab , (H,S) = −1 , (J,M) = −1 , (2.7)
and the structure constants of the extended Newton-Hooke algebra (2.1) and (2.2). In this case,
the Chern-Simons action (2.3) read
S =
k
4π
∫
d3x ǫµνρ
(
eµ
aRνρa(G) − τµRνρ(S)−mµRνρ(J) +
2
ℓ2
ǫabτµeν
aeρ
b
)
, (2.8)
where the curvatures are as defined in (2.6). For ℓ→∞, this action coincides with the extended
Bargmann gravity of [7–9]. Interestingly, the action for the extended Newton-Hooke gravity can
also be obtained by a contraction procedure, mimicking the Inonu-Wigner contraction [8]2. In
order to do so, one needs to consider the cosmological Einstein-Hilbert action plus a Chern-Simons
action for two abelian gauge fields Z1µ and Z2µ with an off-diagonal coupling [8]
S =
kω
4π
∫
d3x ǫµνρ
(
ηABEµ
ARνρ
B(Ω) +
1
3L2
ǫABC Eµ
AEν
BEρ
C + 2Z1µ∂νZ2ρ
)
, (2.9)
2Extended Bargmann algebra can also be obtained by the Ino¨nu¨-Wigner contraction of the Poincare´ ⊗ U(1)2
algebra, see [20,21]
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where
Rµν
A(Ω) = 2∂[µΩν]
A + ǫABCΩµBΩνC . (2.10)
In terms of the non-relativistic fields and parameters, the relativistic fields and parameters are [8]
Eµ
a = eµ
a , Eµ
0 = ωτµ +
1
2ω
mµ , Ωµ
0 = ωµ +
1
2ω2
sµ , L = ωℓ ,
Ωµ
a =
1
ω
ωµ
a , Z1µ = ωτµ −
1
2ω
mµ , Z2µ = ωµ −
1
2ω2
sµ . (2.11)
The off-diagonal coupling of the vector fields are essential for removing the ω2 divergencies. In
the ω →∞ limit, the action (2.9) is precisely recover the extended Newton-Hooke gravity action
(2.8).
2.2 Extended Exotic Bargmann Gravity
In three dimensions there is an alternative action that gives rise to the Einstein’s equations in
the presence of a cosmological constant, known as the exotic Einstein-Hilbert action [6, 22]
S =
kLω
2π
∫
d3x ǫµνρ
(
Ωµ
A∂νΩρA +
1
3
ǫABCΩµ
AΩν
BΩρ
C +
1
2L2
Eµ
ARνρA(P )
)
. (2.12)
This indicates that there might be an extended “exotic” Bargmann gravity following the con-
traction procedure introduced in (2.11). As the exotic theory has diagonal coupling amongst the
gauge fields of the Poincare´ algebra, the vector fields that are neccessary to cancel out the ω2
divergences should also appear with a diagonal coupling. Thus, we consider the exotic Einstein-
Hilbert action plus a diagonal Chern-Simon action for two abelian gauge fields
S =
kLω
2π
∫
d3x ǫµνρ
(
Ωµ
A∂νΩρA +
1
3
ǫABCΩµ
AΩν
BΩρ
C +
1
2L2
Eµ
ARνρA(P )
+
1
L2
Z1µ∂νZ1ρ + Z2µ∂νZ2ρ
)
, (2.13)
where
Rµν
A(P ) = 2∂[µEν]
A + 2ǫABCΩ[µBEν]C . (2.14)
Using the expressions in (2.11) in the action (2.13), we find that the extended exotic Bargmann
gravity is given by
S =
kℓ
4π
∫
d3x ǫµνρ
(
ωµ
aRνρa(G)− 2sµRνρ(J) +
1
ℓ2
(eµ
aRνρa(P )− 2mµRνρ(H))
)
. (2.15)
At this stage, it is worthwhile to discuss the “exotic” terminology in the context of relativistic
and non-relativistic gravity. In the relativistic context, the fundamental fields Ea and Ωab are
parity even, thus the dual spin connection, Ωa is parity odd. As a result the Einstein-Hilbert
action (2.9) is parity even while the exotic Einstein-Hilbert action (2.12) is parity odd. Here,
the exotic terminology emphasizes the fact that although the exotic Einstein-Hilbert action is
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of odd-parity, it give rise to parity even equations of motion. In the non-relativistic context, we
have the following parity assignment for the gauge fields
Even: {τµ , eµ
a , mµ} , Odd: {ωµ , ωµ
a , sµ} .
In this case, the extended Newton-Hooke gravity is parity even while the extended exotic Bargmann
gravity is parity odd. As both of these theories have parity even equations of motion, we use
the “exotic” terminology for the action (2.15). It is also possible to obtain the extended exotic
Bargmann gravity by using the second set of bilinear forms [9]
(Pa, Pb) =
1
ℓ2
δab , (Ga, Gb) = δab , (H,M) = −
1
ℓ2
, (J, S) = −1 , (2.16)
and tracing the Chern-Simons action. The resulting action precisely coincide with the extended
exotic Bargmann gravity (2.15).
Although the field equations for the extended Newton-Hooke gravity (2.8) and the extended
exotic Bargmann gravity (3.8) are the same, these two models differ dramatically when we consider
the matter couplings. In particular, let us first take a closer look at the sµ, ωµ
a and ωµ equations
for the extended Newton-Hooke gravity
Rµν(H) = 0 , Rµν
a(P ) = 0 , Rµν(M) = 0 . (2.17)
The first equation implies that this model is defined on non-relativistic space-times with torsion-
less Newton-Cartan geometry while the last two equations give rise to composite expressions for
ωµ and ωµ
a. The torsionless condition is imposed employing sµ equation, which suggests that one
needs to find a matter content that transforms non-trivially under S-transformations to enable
torsional non-relativistic background geometries. On the other hand, the same torsion-free con-
straint is imposed by the mµ equation in the case of extended exotic Bargmann gravity. Accord-
ingly one needs to find a matter content that transforms non-trivially underM -transformations to
include torsion. As opposed to the extended Bargmann gravity, this can be simply achieved, for
instance, by coupling a complex scalar field to extended exotic Bargmann gravity. Consequently,
extended exotic Bargmann gravity provides a more useful setup to study three-dimensional tor-
sional non-relativistic geometries.
3 Extended Newton-Hooke and Exotic Bargmann Supergravity
The N = (2, 0) supersymmetric extension of the extended Newton-Hooke algebra, (2.1) and (2.2),
requires three supercharges Q±α and Rα (α = 1, 2) that are all Majorana spinors. It furthermore
requires two extra bosonic generators U1 and U2. Both U1 and U2 act non-trivially on the
spinors Q± and R in the presence of the cosmological constant and they become central when
cosmological constant vanishes. The N = (2, 0) extended Newton-Hooke superalgebra has the
following non-vanising [B,B] and [B,F ] commutators
[H,Ga] = −ǫabP
b , [J, Pa] = −ǫabP
b , [J,Ga] = −ǫabG
b ,
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[Ga, Pb] = ǫabM , [Ga, Gb] = ǫabS , [Pa, Pb] =
1
ℓ2
ǫabS ,
[H,Pa] = −
1
ℓ2
ǫabG
b , [J,Q±] = −
1
2
γ0Q
± , [J,R] = −
1
2
γ0R ,
[S,Q+] = −
1
2
γ0R , [Ga, Q
+] = −
1
2
γaQ
− , [Ga, Q
−] = −
1
2
γaR ,
[Pa, Q
+] = −
1
2ℓ
γaQ
− , [Pa, Q
−] = −
1
2ℓ
γaR , [H,Q
±] = −
1
2ℓ
γ0Q
± ,
[H,R] = −
1
2ℓ
γ0R , [M,Q
+] = −
1
2ℓ
γ0R , [U1, Q
±] = ∓
1
ℓ
γ0Q
± ,
[U1, R] = −
1
ℓ
γ0R , [U2, Q
+] = −
1
ℓ
γ0R . (3.1)
while the non-vanishing {F,F} anti-commutators are given by
{Q+α , Q
+
β } = (γ0C
−1)αβH +
1
ℓ
(γ0C
−1)αβJ − (γ0C
−1)αβU1 ,
{Q+α , Q
−
β } = −(γaC
−1)αβP
a −
1
ℓ
(γaC
−1)αβG
a ,
{Q+α , Rβ} = (γ0C
−1)αβM +
1
ℓ
(γ0C
−1)αβS − (γ0C
−1)αβU2 ,
{Q−α , Q
−
β } = (γ0C
−1)αβM +
1
ℓ
(γ0C
−1)αβS + (γ0C
−1)αβU2 . (3.2)
The appearence of the extra bosonic generators U1,2 can be understood as the Lie algebra expan-
sion of the R-symmetry generator of the N = (2, 0) AdS superalgebra, which we defer the details
to the Appendix B. Here, our splitting of the indices of gamma matrices into its temporal and
the spatial components as well as our treatment to gamma-matrices in general follow from [23].
As in the bosonic case, the extended Newton-Hooke algebra admit two distinct non-degenerate
bilinear forms. In the first case, it is given by
(Pa, Gb) = δab , (H,S) = −1 , (J,M) = −1 , (U1, U2) =
2
ℓ
,
(Q+α , Rβ) = 2
(
C−1
)
αβ
, (Q−α , Q
−
β ) = 2
(
C−1
)
αβ
, (3.3)
Taking the gauge field to be
Aµ = τµH + eµ
aPa + ωµJ + ωµ
aGa +mµM + sµS + r1µU1 + r2µU2
+ψ¯+µQ
+ + ψ¯−µQ
− + ρ¯µR , (3.4)
we can construct a Chern-Simons action by using the invariant bilinear form (3.3). The resulting
theory is the extended Newton-Hooke supergravity. This action is given by
S =
k
4π
∫
d3x εµνρ
(
eµ
aRνρa(G)− τµRνρ(S)−mµRνρ(J) +
2
ℓ2
ǫabτµeν
aeρ
b
+
4
ℓ
r1µ∂νr2ρ + ψ¯
+
µRνρ(R) + ρ¯µRνρ(Q
+) + ψ¯−µRνρ(Q
−)
)
. (3.5)
The bosonic part of this action, excluding the R-symmetry part, matches with the extended
Newton-Hooke action given in [9]. Here, the bosonic curvatures are as given in (2.6) while the
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fermionic curvatures are given as
Rµν(Q
+) = 2∂[µψ
+
ν] + ω[µγ0ψ
+
ν] +
1
ℓ
τ[µγ0ψ
+
ν] +
2
ℓ
r1[µγ0ψ
+
ν] ,
Rµν(Q
−) = 2∂[µψ
−
ν] + ω[µγ0ψ
−
ν] + ω[µ
aγaψ
+
ν] +
1
ℓ
τ[µγ0ψ
−
ν] +
1
ℓ
e[µ
aγaψ
+
ν] −
2
ℓ
r1[µγ0ψ
−
ν] ,
Rµν(R) = 2∂[µρν] + ω[µγ0ρν] + ω[µ
aγaψ
−
ν] + s[µγ0ψ
+
ν] +
1
ℓ
τ[µγ0ρν] +
1
ℓ
m[µγ0ψ
+
ν]
+
2
ℓ
r1[µγ0ρν] +
1
ℓ
e[µ
aγaψ
−
ν] +
2
ℓ
r2[µγ0ψ
+
ν] . (3.6)
In the presence of a cosmological constant, there is a second non-degerate invariant bilinear form
that is given by
(Pa, Pb) =
1
ℓ
δab , (Ga, Gb) = ℓδab , (H,M) = −
1
ℓ
, (J, S) = −ℓ ,
(U1, U2) =
2
ℓ
, (Q+α , Rβ) = 2
(
C−1
)
αβ
, (Q−α , Q
−
β ) = 2
(
C−1
)
αβ
, (3.7)
In this case, we obtain the “exotic” extended Bargmann supergravity
S =
kℓ
4π
∫
d3x ǫµνρ
(
ωµ
aRνρa(G)− 2sµRνρ(J) +
1
ℓ2
eµ
aRνρa(P )−
2
ℓ2
τµRνρ(M)
+
8
ℓ2
r2µ∂νr1ρ +
2
ℓ
ψ¯+µRνρ(R) +
2
ℓ
ρ¯µRνρ(Q
+) +
2
ℓ
ψ¯−µRνρ(Q
−)
)
. (3.8)
The bosonic part of this action, excluding the R-symmetry part, matches with the extended
exotic Bargmann action given in [9]. The extended Newton-Hooke (3.5) and the exotic extended
Bargmann gravity (3.8) are invraiant under the following supersymmetry transformation rules
δτµ = −ǫ¯
+γ0ψ
+
µ ,
δeµ
a = ǫ¯+γaψ−µ + ǫ¯
−γaψ+µ ,
δωµ
a =
1
ℓ
(ǫ¯+γaψ−µ + ǫ¯
−γaψ+µ ) ,
δωµ = −
1
ℓ
ǫ¯+γ0ψ
+
µ ,
δmµ = −ǫ¯
−γ0ψ
−
µ − ǫ¯
+γ0ρµ − η¯γ0ψ
+
µ ,
δsµ = −
1
ℓ
(
ǫ¯−γ0ψ
−
µ + ǫ¯
+γ0ρµ + η¯γ0ψ
+
µ
)
,
δr1µ = ǫ¯
+γ0ψ
+
µ ,
δr2µ = −ǫ¯
−γ0ψ
−
µ + ǫ¯
+γ0ρµ + η¯γ0ψ
+
µ ,
δψ+µ = ∂µǫ
+ +
1
2
ωµγ0ǫ
+ +
1
2ℓ
τµγ0ǫ
+ +
1
ℓ
r1µγ0ǫ
+ ,
δψ−µ = ∂µǫ
− +
1
2
ωµγ0ǫ
− +
1
2
ωµ
aγaǫ
+ +
1
2ℓ
τµγ0ǫ
− +
1
2ℓ
eaµγaǫ
+ −
1
ℓ
r1µγ0ǫ
− ,
δρµ = ∂µη +
1
2
ωµγ0η +
1
2
ωµ
aγaǫ
− +
1
2
sµγ0ǫ
+ +
1
2ℓ
τµγ0η +
1
2ℓ
mµγ0ǫ
+
+
1
2ℓ
eaµγaǫ
− +
1
ℓ
r1µγ0η +
1
ℓ
r2µγ0ǫ
+ , (3.9)
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where ǫ± and η are the the parameters of the local Q± and R transformations, respectively. In the
supersymmetric extension of the extended Newton-Hooke gravity (or extended exotic Bargmann
gravity), the curvature constraints that are given by the sµ, ωµ
a, ωµ (or mµ, eµ
a, τµ) are given by
Rµν(H) = 0 , Rµν
a(P ) = 0 , Rµν(M) = 0 , (3.10)
where
Rµν(H) = 2∂[µτν] + ψ¯µγ0ψν ,
Rµν
a(P ) = 2∂[µeν]
a + 2ǫab ω[µeν]b − 2ǫ
ab ω[µbτν] − 2ψ¯
+
[µγ
aψ−
ν] ,
Rµν(M) = 2∂[µmν] + 2ǫabω[µ
aeν]
b + 2ψ¯+[µγ0ρν] + ψ¯
−
µ γ0ψ
−
ν . (3.11)
In this case, first equation imply a fermionic temporal torsion while the last two equations gives
rise to composite expressions for ωµ and ωµ
a that includes a fermionic part. The back substitution
of these composite expressions into the action (2.8) (or (3.8)) lead to quartic fermionic terms in
the action.
4 Extended Lifshitz and Schro¨dinger Supergravity
In this section, we take our final step towards the completion of the realm of three-dimensional
N = 2 extended Bargmann supergravity. The missing pieces are models of supergravity with
more symmetries such as dilatations and non-relativistic special conformal symmetry. In the first
subsection, we show that it is possible to extend the extended Bargmann algebra with dilatations
and a central charge, Y , giving rise to the extended Lifshitz superalgebra and consequently the
extended Lifshitz supergravity. We then proceed with the full Schro¨dinger superalgebra and
construct a Chern-Simons action as an extended Schro¨dinger supergravity.
4.1 Extended Lifshitz Supergravity
The inclusion of dilatations (D) in the extended Bargmann algebra (2.1) requires an additional
central charge (Y ) in order to have a non-degenerate metric. The non-vanishing commutation
relations for this algebra are given by
[H,Ga] = −ǫabP
b , [J, Pa] = −ǫabP
b , [J,Ga] = −ǫabG
b ,
[Pa, Gb] = ǫabM + δabY , [Ga, Gb] = ǫabS , [D,S] = 2S ,
[D,Ga] = Ga , [D,Pa] = −Pa , [D,H] = −2H ,
[H,S] = −2Y , (4.1)
We refer to this algebra as the extended extended Lifshitz algebra. Note here that the Lifshitz
symmetry usually allow the scaling dimension of the temporal translations H to be arbitrary,
which is referred to as the dynamical critical exponent z. However, the inclusion of the central
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charge Y fixes the scaling dimension of H to z = 2. This algebra allows the following non-
degenerate invariant bi-linear form
(Pa, Gb) = δab , (S,H) = −1 , (M,J) = −1 , (Y,D) = −1 . (4.2)
Taking the gauge field to be
Aµ = τµH + eµ
aPa + ωµJ + ωµ
aGa +mµM + sµS + bµD + yµY , (4.3)
we can use to construct a Chern-Simons action for the extended Lifshitz algebra
S =
k
4π
∫
d3x εµνρ
(
ωµ
aRνρa(P )− 2sµRνρ(H)− 2mµRνρ(J)
+eµ
aRνρa(G)− 2yµRνρ(D)
)
. (4.4)
Here, the curvatures of the gauge fields are given by
Rνρ
a(P ) = 2∂[µeν]
a + 2ǫab ω[µeν]b − 2ǫ
ab ω[µbτν] − 2b[µe
a
ν] ,
Rνρ
a(G) = 2∂[µων]
a + 2ǫabω[µων]b + 2b[µω
a
ν]
Rνρ(H) = 2∂[µτν] − 4b[µτν] ,
Rνρ(J) = 2∂[µων] ,
Rνρ(D) = 2∂[µbν] . (4.5)
As the non-relativistic special conformal symmetry is absent, the supersymmetric extension of
the extended Lifshitz algebra does not require a special supersymmetry generator but the three
fermionic generators Q± and R that we introduced in the previous sections are sufficient. The
inclusion of the generators U1,2 is still necessary, but while U1 acts non-trivially on the fermionic
generators, U2 is a central charge in the extended Lifshitz superalgebra. With the assistance of
the computer algebra program Cadabra [24, 25], we found that the non-vanishing [B,B] com-
mutators of the extended Lifshitz superalgebra are given by (4.1) while the non-vanishing [B,F ]
commutators are
[J,Q±] = −
1
2
γ0Q
± , [J,R] = −
1
2
γ0R , [Ga, Q
+] = −
1
2
γaQ
− ,
[Ga, Q
−] = −
1
2
γaR , [U1, Q
±] = ±γ0Q
± , [U1, R] = γ0R ,
[D,Q+] = −Q+ , [D,R] = R , [S,Q+] = −
1
2
γ0R (4.6)
Finally, the non-vanishing {F,F} anti-commutators are given by
{Q+α , Q
+
β } = (γ0C
−1)αβH ,
{Q+α , Q
−
β } = −(γaC
−1)αβP
a ,
{Q−α , Q
−
β } = (γ0C
−1)αβM − (γ0C
−1)αβU2 ,
{Q+α , Rβ} = (γ0C
−1)αβM + 2CαβY + (γ0C
−1)αβU2 . (4.7)
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The construction of a Chern-Simons action for the extended Lifshitz supergravity can be achieved
by using the following non-degenerate invariant bi-linear form
(Pa, Gb) = δab , (S,H) = −1 , (M,J) = −1 , (Y,D) = −1 ,
(U1, U2) = 2 , (Q
+
α , Rβ) = 2
(
C−1
)
αβ
, (Q−α , Q
−
β ) = 2
(
C−1
)
αβ
. (4.8)
Taking the gauge field to be
Aµ = τµH + eµ
aPa + ωµJ + ωµ
aGa +mµM + sµS + r1µU1
+r2µU2 + bµD + yµY + ψ¯
+
µQ
+ + ψ¯−µQ
− + ρ¯µR , (4.9)
we can construct a supersymmetric action
S =
k
4π
∫
d3x εµνρ
(
ωµ
aRνρa(P ) + eµ
aRνρa(G)− 2sµRνρ(H)− 2mµRνρ(J)
−2yµRνρ(D) + 4r2µRνρ(U1) + 4ρ¯µRνρ(Q
+) + 2ψ¯−µRνρ(Q
−)
)
. (4.10)
We refer to this action as the extended Lifshitz supergravity. The supercovariant curvatures that
appears in the action are given by
Rµν(H) = 2∂[µτν] − 4b[µτν] + ψ¯
+
µ γ0ψ
+
ν ,
Rµν
a(P ) = 2∂[µeν]
a + 2ǫab ω[µeν]b − 2ǫ
ab ω[µbτν] − 2b[µe
a
ν] − 2ψ¯
+
[µγ
aψ−
ν] ,
Rµν
a(G) = 2∂[µων]
a + 2ǫabω[µων]b + 2b[µω
a
ν] ,
Rµν(J) = 2∂[µων] ,
Rµν(D) = 2∂[µbν] ,
Rµν(U1) = 2∂[µr1ν] ,
Rµν(Q
+) = 2∂[µψ
+
ν] + ω[µγ0ψ
+
ν] − 2b[µψ
+
ν] − 2r1[µγ0ψ
+
ν] ,
Rµν(Q
−) = 2∂[µψ
−
ν]
+ ω[µγ0ψ
−
ν]
+ ω[µ
aγaψ
+
ν]
+ 2r1[µγ0ψ
−
ν]
,
Rµν(R) = 2∂[µρν] + ω[µγ0ρν] + ω[µ
aγaψ
−
ν] + s[µγ0ψ
+
ν] − 2r1[µγ0ρν] + 2b[µρν] . (4.11)
The extended Lifshitz supergravity is invariant under the following supersymmetry transformation
rules
δτµ = −ǫ¯
+γ0ψ
+
µ ,
δeµ
a = ǫ¯+γaψ−µ + ǫ¯
−γaψ+µ ,
δmµ = −ǫ¯
−γ0ψ
−
µ − ǫ¯
+γ0ρµ − η¯γ0ψ
+
µ ,
δr2µ = ǫ¯
−γ0ψ
−
µ − ǫ¯
+γ0ρµ − η¯γ0ψ
+
µ ,
δyµ = 2η¯ψ
+
µ − 2ǫ¯
+ρµ ,
δψ+µ = ∂µǫ
+ +
1
2
ωµγ0ǫ
+ − bµǫ
+ − r1µγ0ǫ
+ ,
δψ−µ = ∂µǫ
− +
1
2
ωµγ0ǫ
− +
1
2
ωµ
aγaǫ
+ + r1µγ0ǫ
− ,
δρµ = ∂µη +
1
2
ωµγ0η +
1
2
ωµ
aγaǫ
− +
1
2
sµγ0ǫ
+ − r1µγ0η + bµη . (4.12)
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4.2 Extended Schro¨dinger Supergravity
As mentioned, our final purpose is to establish the supersymmetric extension of the Schro¨dinger
algebra. The bosonic sector of the Schro¨dinger algebra extends the Lifshitz algebra (4.1) with
non-relativistic special conformal transformations (K) as well as a second central charge (Z).
The non-zero commutation relations are given by [9]
[H,Ga] = −ǫabP
b , [J, Pa] = −ǫabP
b , [J,Ga] = −ǫabG
b ,
[Pa, Gb] = ǫabM + δabY , [Ga, Gb] = ǫabS , [Pa, Pb] = ǫabZ ,
[D,Ga] = Ga , [D,Pa] = −Pa , [D,H] = −2H ,
[D,S] = 2S , [D,K] = 2K , [D,Z] = −2Z ,
[K,Pa] = −ǫabG
b , [K,H] = −D , [K,Y ] = S ,
[K,Z] = 2Y , [H,S] = −2Y , [H,Y ] = −Z , (4.13)
The corresponding bi-linear form invariant under the extended Schro¨dinger algebra is given by [9]
(Pa, Gb) = δab , (H,S) = −1 , (J,M) = −1 , (D,Y ) = −1 , (K,Z) = −1 , (4.14)
Taking the gauge field to be
Aµ = τµH + eµ
aPa + ωµJ + ωµ
aGa +mµM + sµS + bµD + fµK + yµY + zµZ , (4.15)
we can construct the extended Schro¨dinger gravity action [9]
S =
k
4π
∫
d3x εµνρ
(
ωµ
aRνρa(P )− 2sµRνρ(H)− 2mµRνρ(J) + eµ
aRνρa(G)
−2yµRνρ(D)− 2zµRνρ(K)
)
. (4.16)
The supersymmetric extension of the extended Schro¨dinger algebra requires the inclusion of two
new supercharges, F± that are both Majorana spinors. With the assistance of the computer
algebra program Cadabra [24,25], we found that the non-vanishing [B,B] commutators of the ex-
tended Schro¨dinger superalgebra are given by (4.13) while the non-vanishing [B,F ] commutators
are
[J,Q±] = −
1
2
γ0Q
± , [J,R] = −
1
2
γ0R , [J, F
±] = −
1
2
γ0F
± ,
[S,Q+] = −
1
2
γ0R , [Ga, Q
+] = −
1
2
γaQ
− , [Ga, Q
−] = −
1
2
γaR ,
[Pa, F
+] = −
1
2
ǫabγ
bQ− , [Pa, Q
−] = −
1
2
ǫabγ
bF− , [U1, Q
±] = ±γ0Q
± ,
[U1, R] = γ0R , [U1, F
±] = γ0F
± , [U2, Q
+] = −
3
4
F− ,
[U2, F
+] =
3
4
R , [H,F+] = −Q+ , [H,R] = F− ,
[D,Q+] = −Q+ , [D,F±] = ±F± , [D,R] = R ,
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[K,Q+] = F+ , [K,F−] = −R , [M,Q+] =
1
4
F− ,
[M,F+] = −
1
4
R , [Y,Q+] =
1
4
γ0F
− , [Y, F+] =
1
4
γ0R ,
[Z,F+] = −
1
2
γ0F
− , (4.17)
while the non-vanishing {F,F} anti-commutators are given by
{Q+α , Q
+
β } = (γ0C
−1)αβH ,
{Q+α , Q
−
β } = −(γaC
−1)αβP
a, ,
{Q−α , Q
−
β } = (γ0C
−1)αβM − (γ0C
−1)αβU2 ,
{Q+α , Rβ} = (γ0C
−1)αβM + 2CαβY + (γ0C
−1)αβU2 ,
{Q+α , F
−
β } = −2CαβZ ,
{F+α , F
+
β } = (γ0C
−1)αβK ,
{F+α , Q
+
β } = −
1
2
(γ0C
−1)αβD +
1
2
CαβJ +
3
4
CαβU1 ,
{F+α , Q
−
β } = ǫab(γ
aC−1)αβG
b ,
{F+α , Rβ} = 2CαβS ,
{F+α , F
−
β } = (γ0C
−1)αβM − 2CαβY + (γ0C
−1)αβU2 . (4.18)
The supersymmetric extension of the extended Schro¨dinger algebra admits the following invariant
bilinear forms
(Pa, Gb) = δab , (H,S) = −1 , (J,M) = −1 , (D,Y ) = −1 , (K,Z) = −1 ,
(R1, R2) = 2 , (Q
+
α , Rβ) = 2Cαβ , (Q
−
α , Q
−
β ) = 2Cαβ , (F
+
α , F
−
β ) = 2Cαβ . (4.19)
Taking the gauge field to be
Aµ = τµH + eµ
aPa + ωµJ + ωµ
aGa +mµM + sµS + bµD + fµK + yµY + zµZ
+r1µU1 + r2µU2 + ψ¯
+
µQ
+ + ψ¯−µQ
− + ρ¯µR+ φ¯
+
µF
+ + φ¯−µF
− , (4.20)
we obtain the following Chern-Simons action
S =
k
4π
∫
d3x εµνρ
(
ωµ
aRνρa(P ) + eµ
aRνρa(G)− 2sµRνρ(H)
−2mµRνρ(J)− 2yµRνρ(D)− 2zµRνρ(K) + 4r2µRνρ(U1)
+4ρ¯µRνρ(Q
+) + 2ψ¯−µRνρ(Q
−) + 4φ¯−µRνρ(F
+)
)
. (4.21)
We refer to this action as the extended Schro¨dinger supergravity. The Schro¨dinger supercovariant
curvatures are given as
Rµν(H) = 2∂[µτν] − 4b[µτν] + ψ¯
+
µ γ0ψ
−
ν ,
Rµν
a(P ) = 2∂[µeν]
a + 2ǫab ω[µeν]b − 2ǫ
ab ω[µbτν] − 2b[µe
a
ν] − 2ψ¯
+
[µγ
aψ−
ν] ,
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Rµν(M) = 2∂[µmν] + 2ǫabω[µ
aeν]
b + 2ψ¯+[µγ0ρν] + ψ¯
−
µ γ0ψ
−
ν + 2φ¯
+
[µγ0ϕν] ,
Rµν
a(G) = 2∂[µων]
a + 2ǫabω[µων]b + 2ǫ
abf[µeν]b + 2b[µω
a
ν] − 2ǫ
abφ¯+[µγbψ
−
ν] ,
Rµν(J) = 2∂[µων] + φ¯
+
[µψ
−
ν] ,
Rµν(S) = 2∂[µsν] + ǫ
abω[µaων]b + 4b[µsν] + 2f[µyν] + 4φ¯
+
[µρν] ,
Rµν(K) = 2∂[µfν] + 4b[µfν] + φ¯
+
µ γ0φ
+
ν ,
Rµν(D) = 2∂[µbν] + 2τ[µfν] − φ¯
+
[µγ0ψ
+
ν] ,
Rµν(Y ) = 2∂[µyν] − 2ω[µae
a
ν] + 4f[µzν] − 4τ[µsν] + 4ψ¯
+
[µρν] − 4φ¯
+
[µφ
−
ν] ,
Rµν(Z) = 2∂[µzν] + ǫ
abe[µaeν]b − 4b[µzν] − 2τ[µyν] − 4ψ¯
+
[µϕν] ,
Rµν(U1) = 2∂[µr1ν] +
3
2
φ¯+[µψ
+
ν] ,
Rµν(U2) = 2∂[µr2ν] + 2ψ¯
+
[µγ0ρν] − ψ¯
−
µ γ0ψ
−
ν + 2φ¯
+
[µγ0ϕν] ,
Rµν(Q
+) = 2∂[µψ
+
ν] + ω[µγ0ψ
+
ν] − 2τ[µφ
+
ν] − 2b[µψ
+
ν] − 2r1[µγ0ψ
+
ν] ,
Rµν(Q
−) = 2∂[µψ
−
ν] + ω[µγ0ψ
−
ν] + ω[µ
aγaψ
+
ν] + ǫ
abe[µaγbφ
+
ν] + 2r1[µγ0ψ
−
ν] ,
Rµν(R) = 2∂[µρν] + ω[µγ0ρν] + ω[µ
aγaψ
−
ν] + s[µγ0ψ
+
ν] − 2r1[µγ0ρν] −
3
2
r2[µφ
+
ν] + 2b[µρν]
−2f[µφ
−
ν] −
1
2
m[µφ
+
ν] −
1
2
y[µφ
+
ν]
Rµν(F
+) = 2∂[µφ
+
ν] + ω[µγ0φ
+
ν] − 2r1[µγ0φ
+
ν] + 2b[µφ
+
ν] + 2f[µψ
+
ν]
Rµν(F
−) = 2∂[µφ
−
ν] + ω[µγ0φ
−
ν] − 2r1[µγ0φ
−
ν] − 2b[µφ
−
ν] +
3
2
r2[µψ
+
ν] + 2τ[µρν]
+
1
2
m[µψ
+
ν] −
1
2
y[µψ
+
ν] + z[µγ0φ
+
ν] .
Finally, the extended Schro¨dinger supergravity action is invariant under the following transfor-
mation rules
δτµ = −ǫ¯
+γ0ψ
+
µ ,
δeµ
a = ǫ¯+γaψ−µ + ǫ¯
−γaψ+µ ,
δωµ
a = ǫabǫ¯−γbφ
+
µ + ǫ
abζ¯+γbψ
−
µ ,
δωµ =
1
2
ǫ¯+φ+µ −
1
2
ζ¯+ψµ ,
δmµ = −ǫ¯
−γ0ψ
−
µ − ǫ¯
+γ0ρµ − η¯γ0ψ
+
µ − ζ¯
+γ0φ
−
µ − ζ¯
−γ0φ
+
µ ,
δsµ = 2η¯φ
+
µ − 2ζ¯
+ρµ ,
δr1µ =
3
4
ǫ¯+φ+µ −
3
4
ζ¯+ψ+µ ,
δr2µ = ǫ¯
−γ0ψ
−
µ − ǫ¯
+γ0ρµ − η¯γ0ψ
+
µ − ζ¯
+γ0φ
−
µ − ζ¯
−γ0φ
+
µ ,
δbµ =
1
2
ǫ¯+γ0φ
+
µ +
1
2
ζ¯+γ0ψ
+
µ ,
δfµ = −ζ¯
+γ0φ
+
µ ,
δyµ = 2η¯ψ
+
µ − 2ǫ¯
+ρµ − 2ζ¯
−φ+µ + 2ζ¯
+φ−µ ,
δzµ = −2ζ¯
−ψ+µ + 2ǫ¯
+φ−µ ,
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δψ+µ = ∂µǫ
+ +
1
2
ωµγ0ǫ
+ − τµζ
+ − bµǫ
+ − r1µγ0ǫ
+ ,
δψ−µ = ∂µǫ
− +
1
2
ωµγ0ǫ
− +
1
2
ωµ
aγaǫ
+ +
1
2
ǫabeµaγbζ
+ + r1µγ0ǫ
− ,
δρµ = ∂µη +
1
2
ωµγ0η +
1
2
ωµ
aγaǫ
− +
1
2
sµγ0ǫ
+ −
1
4
mµζ
+
−r1µγ0η +
3
4
r2µζ
+ + bµη − fµζ
− −
1
4
yµγ0ζ
+ ,
δφ+µ = ∂µζ
+ +
1
2
ωµγ0ζ
+ + bµζ
+ + fµǫ
+ − r1µγ0ζ
+ ,
δφ−µ = ∂µζ
− +
1
2
ωµγ0ζ
− +
1
2
ǫabeµ
aγbǫ− +
1
4
mµǫ
+ + r1µγ0ζ
−
−
3
4
r2µǫ
+ +
1
2
zµγ0ζ
+ − bµζ
− + τµη −
1
4
yµγ0ǫ
+ , (4.22)
where ζ± are the the parameters of the local F± transformations, respectively. Due to the
map between the Newton-Cartan geometry and Horava-Lifshitz gravity [10], our action (4.21)
correspond to a superconformal non-projectable Horava-Lifshitz gravity [9].
5 Discussion
In this paper, we establish the supersymmetric extension of the extended Newton-Hooke, Lifshitz
and Schro¨dinger algebras and construct the corresponding Chern-Simons supergravity models.
The extended Newton-Hooke superalgebra admits two distinct non-degenerate invariant bi-linear
form that gives rise to two different supergravity models with the same equations of motion.
These two models are particularly different in terms of the parity of the bosonic actions. In
particular, we showed that there is an exotic non-relativistic model such that parity-even field
equations arise from a parity-odd Lagrangian. We then showed that it is possible to improve
the extended Bargmann superalgebra with dilatations (without including non-relativistic special
conformal symmetry) which we called the extended Lifshitz superalgebra and also established
the Chern-Simons extended Lifshitz supergravity action. In the final step, we include the non-
relativistic special conformal symmetry and establish the extended Schro¨dinger superalgebra and
the corresponding Chern-Simons extended Schro¨dinger supergravity action.
We consider our paper as a first step to construct an off-shell formulation for the extended
Bargmann supergravity and its matter couplings. Therefore, it would be very useful to study
supermultiplet representations of the extended Schro¨dinger superalgebra. In particular, based on
the bosonic construction [18], it is natural to expect that a multiplet with a complex scalar field
Ψ as the lowest element can be used to construct a super-Schro¨dinger invariant gravity model.
Taking multiple number of such multiplets and gauge fixing the Schro¨dinger supergravity action
would give rise to the supergravity coupling of such a multiplet to off-shell supergravity, which is
an important step towards non-relativistic localization.
The N = 2 supergravity models that we established here can be extended to higher number
of supercharges. In this case, the extended Bargmann superalgebra with N > 2 can be obtained
by Lie algebra expansion of the relativistic three-dimensional superalgebras. However, the Lif-
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shitz and the Schro¨dinger superalgebras cannot be accessed by an Inonu-Wigner contraction or
a Lie algebra expansion. In particular, given that the Schro¨dinger algebra is a particular in-
stance (ℓ = 1/2) of the so called ℓ-conformal Galilei algebra [35, 36], in which case its N > 2
supersymmetric extensions exist [37, 38], it would be very nice to initiate a systematic study to
establish extended Schro¨dinger superalgebras for N > 2 supersymmetry. There are also other
three-dimensional non-relativistic algebras with an action principle such as the extended New-
tonian supergravity [26]. Therefore, such a systematic study would also be helpful to uncover
the Schro¨dinger extension of other three-dimensional superalgebras and hopefully towards a cat-
alog of non-relativistic supergravity, at least in three dimensions. As a final remark, we would
like to point out an interesting relation between the extended Schro¨dinger algebra and an ex-
tended Poincare´ algebra. The extended Schro¨dinger algebra (and extended ℓ-conformal Galilean
algebras) has a hidden relativistic structure such that they can be written in a manifestly 3d
Lorentz-covariant form [39]. It might of interest to see if the superextension of the Schro¨dinger
superalgebra and the corresponding supergravity theory that we constructed in this paper can
also be recast in a manifestly relativistic form.
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A Comparison Between Different Notations
In this paper, we use the conventions of [8]. In what follows we introduce the correspondence
between the notations of [7], [8] and [9] for readers convenience.
Bergshoeff et. al [8] Papageorgiou et. al. [7] Hartong et. al. [9]
H −H −H
Pa −Pa Pa
Ga ǫabK
b ǫabG
b
J J −J
M −M −N
S S S
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B Extended N = (2, 0) Newton-Hooke Superalgebra from Lie Algebra Expan-
sion
In this appendix, we briefly discuss the Lie algebra expansion origin of the extended Newton-
Hooke superalgebra (3.1) and (3.2). Lie algebra expansion, which was originally formulated
in [27] and further studied in [28, 29], is a methodology to generate larger Lie algebras starting
from a specific one. To obtain larger algebras one first writes down a series expansion for Maurer-
Cartan one-forms in powers of an expansion parameter λ, then inserts these expansions into
Maurer-Cartan equation. Finally, the infinite expansions for the Maurer-Cartan form is cut in
a consistent way from which one reads off the structure constants of the larger Lie algebra by
matching the two sides of the Maurer-Cartan equation in powers of λ. We refer [30] to readers
interested in such three-dimensional bosonic examples in more detail.
The algebra we shall consider here is the N = (2, 0) AdS superalgebra, which consists of the
generators of space-time translations PA, Lorentz transformations JA (A = 0, 1, 2), R-symmetry
generator U and two supersymmetry generators Q1,2 that are both Majorana spinors. The non-
zero [B,B] and [B,F ] commutation relations for this algebra read [31,32]
[JA, JB ] = ǫABCJ
C , [JA, PB ] = ǫABCP
C , [PA, PB ] =
1
ℓ2
ǫABCJ
C ,
[JA, Q
1,2] =
1
2
γAQ
1,2 , [PA, Q
1,2] =
1
2ℓ
γAQ
1,2 , [U,Q1,2] = ±
1
ℓ
Q2,1 , (B.1)
while the non-vanising {F,F} anti-commutators are given by
{Q1α, Q
1
β} = 2(γAC
−1)αβP
A +
2
ℓ
(γAC
−1)αβJ
A ,
{Q1α, Q
2
β} = 2CαβU ,
{Q2α, Q
2
β} = 2(γAC
−1)αβP
A +
2
ℓ
(γAC
−1)αβJ
A . (B.2)
To implement the Lie algebra expansion method, we follow the methodology introduced in [13,
30,33,34] and decompose the 3-dimensional index A as A = (0, a) in which case the we have
JA = (J,Ga) , PA = (H,Pa) . (B.3)
Furthermore, we choose the following combitation of the fermionic generators,
Q˜± =
1
2
(
Q1 ± γ0Q
2
)
. (B.4)
We, then, introduce the following gauge fields associated to the generators
J → Ω , Ga → Ω
a , H → θ , Pa → E
a ,
U → A , Q˜+ → Ψ+ , Q˜− → Ψ− (B.5)
The expansion of the gauge fields are given by
Ω = ω + λ2s , Ea = λea , θ = τ + λ2m, Ωa = λωa ,
18
A = r1 + λ
2r2 , Ψ
+ = ψ+ + λ2ρ , Ψ− = λψ− . (B.6)
Using these expansions into the prescription given above, we precisely arrive at the extended
Newton-Hooke superalgebra (3.1) and (3.2).
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